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<N : Abstract 

' Matrix elements of irreducible representations of the Lorentz group are calculated 

on the basis of complex angular momentum. It is shown that Laplace-Beltrami op- 
I erators, defined in this basis, give rise to Fuchsian differential equations. An explicit 

form of the matrix elements of the Lorentz group has been found via the addition the- 
CN ■ orem for generalized spherical functions. Different expressions of the matrix elements 

I are given in terms of hypergeometric functions both for finite-dimensional and unitary 

If^ ' representations of the principal and supplementary series of the Lorentz group. 
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^ ■ 1 Introduction 

r-| ■ As is known, an expansion problem of relativistic amplitudes requires the most simple form 
^ ', for the matrix elements of irreducible representations of the Lorentz group. Matrix elements 
of this group are studied for a long time by many authors. So, in 1956, Dolginov PP (see 
also [3 13 El) considered an analytic continuation of the Fock four-dimensional spherical 
functions (four-dimensional spherical functions of an euclidean space was introduced by 
Fock in] for the solution of the hydrogen atom problem in momentum representation). Basis 
functions, called in the works [H El 0] as relativistic spherical functions, depend on angles 
of the radius-vector in the four-dimensional spacetime. It should be noted that Dolginov- 
Toptygin relativistic spherical functions present the most degenerate form of the matrix 
elements of the Lorentz group. Different realizations of these elements were studied in the 
works [HI HI El El Hm HH 1121 Unj- The most complete form of the matrix elements of the 
Lorentz group was given in the works [HI E] within the Gel'fand-Naimark basis ^1 ITKj . 
However, matrix elements in the Strom form, and also in the Sciarrino- Toller form jTTj, are 
very complicate and cumbersome. Smorodinsky and Huszar ^01 El E| found more simple 
and direct method for definition of the matrix elements of the Lorentz group by means of 
a complexification of the three-dimensional rotation group and solution of the equation on 
eigenvalues of the Casimir operators (see also [19j). 

In the present work matrix elements of irreducible representations of the Lorentz group 
are found on the basis of complex angular momentum (SU(2) (g) SU(2)-basis). It is shown 
that Laplace-Beltrami operators, defined in this basis, lead to Fuchsian differential equa- 
tions which can be reduced to hypergeometric equations. An explicit form of the matrix 
elements has been found via the addition theorem for generalized spherical functions, where 
the functions P^-n ^mn components. As is known j^Uj, the matrix elements of SU(2) 
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are defined by the functions -P^„, and matrix elements of the group QU(2) of quasiunitary 
matrices of the second order, which is isomorphic to the group SL(2,M) ^, are expressed via 
the functions ^^„. The groups SU(2) and SU{1, 1) are real forms of the group SL(2, C). The 
factorization of the matrix elements of SL(2,C) with respect to the subgroups SU(2) and 
SU(1, 1) allows us to express these elements via the product of two hypergeometric functions 
both for finite-dimensional and unitary representations of the principal and supplementary 
series of the Lorentz group (it should be noted that matrix elements in Strom form are 
expressed via the product of three hypergeometric functions). On the other hand, matrix 
elements of the Lorentz group play an essential role in quantum field theory on the Poincare 
group j2ni 1211 123 12ni 1211 12H] , where the field operators are expressed via generalized Fourier 
integrals (it leads to harmonic analysis on the homogeneous spaces). Solutions of relativistic 
wave equations are reduced also to expansions in relativistic spherical functions [221 
Moreover, the Biedenharn type relativistic wavefunctions [HI] are defined completely in this 
framework jTTll^ . 



2 Relativistic Spherical Functions 

As is known, the group Spin_,_(l,3) ~ SL(2,C) is an universal covering of the proper or- 
thochronous Lorentz group S0o(l,3). The group SL(2,C) of all complex matrices 




of 2-nd order with the determinant a6 — 7/? = 1, is a complexification of the group SU(2). 
The group SU(2) is one of the real forms of SL(2, C). The transition from SU(2) to SL(2, C) 
is realized via the complexification of three real parameters ip, 6, ip (Euler angles) of SU(2). 
Let 6'^ = 6 — IT , ip'^ = (p — ie, ip'^ = ip — ie be complex Euler angles, where 

< Ree^ = e < TT, -00 < ime^ = T < +00, 

< Re(p'' = (p < 2n, -oo < Imip'' = e < +00, (1) 

— 27r < lie ip'^ = ip < 271, —00 < Imip'^ = e < +00. 

Infinitesimal operators Aj and Bj of the group SL(2, C) form a basis of the Lie algebra si{2, C) 
and satisfy the relations 
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(2) 



Let us consider the operators 

Xi = UiAi + tBi), Yi = UiAi-iBi), (3) 
(/ = 1,2,3). 

^Other designation of this group is SU(1, 1) known also as three-dimensional Lorentz group, representa- 
tions of which was studied by Bargmann |22| . 
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Using the relations Q, we obtain 

Further, introducing generators of the form 

X+ = Xi + iX2, X_ = Xi — iX2, 

Y+ = Yi+2Y2, Y_=Yi-zY2, 



(4) 



(5) 



we see that in virtue of commutativity of the relations (0} a space of an irreducible finite- 
dimensional representation of the group SL(2,C) can be spanned on the totality of {21 + 
1)(2Z + 1) basis vectors | l,m]l,m), where l,m,l,7h are integer or half-integer numbers, 
—l<m<l,—l<m<l. Therefore, 

X_ I /, m; Z, m) = a/(/ + m)(/ — m + 1) | /, m — 1, Z, rh) (m > — /), 
X+ I /, m; /, m) = a/(/ — m)(Z + m + 1) \ l,m + 1; Z, m) {m < I), 
X3 I /, m; I, m) = m \ l,m]l,m), 



Y_ \ I, m; I, m) = y {I + m)(l — rh + 1) \ I, m; /, m — 1) (m > —I), 



Y+ \ m; I, m) = y {I — m){l + rh + 1) \ Z, m;l,m + 1) (m < Z), 
Y3 I Z, m; Z, m) = m I Z, m; Z, m). 



(6) 



From relations (jU, it follows that each of the sets of infinitesimal operators X and Y generates 
the group SU(2) and these two groups commute with each other. Thus, from the relations 
(jH) and (jni) it follows that the group SL(2,C), in essence, is equivalent locally to the group 
SU(2) ® SU(2). The basis © was first introduced by Van der Waerden in 
On the group SL(2, C) there exist the following Laplace-Beltrami operators: 



X2 
Y2 



Xl + Xl + Xl = -(A' - + 2tAB) 



Yl + yl + Yl = i(A' - §2 - 2^AB). 



(7) 



At this point, we see that operators ((Tj) contain the well known Casimir operators A^ — B^, 
AB of the Lorentz group. Using expressions (Q), we obtain a Euler parametrization of the 
Laplace-Beltrami operators. 



X' 

y2 



_d_ 1 



- 2 COS + 



92 



d9 



c2 



+ cot 9 



d 



+ 



89"^ sin^ 9^ 



c2 



dif'^ dip'^ dip 

o Ac d d ^ 
- 2cosr- ^ H ^ 

dip" d^" dip"^ 



(8) 



Here 9'^ = 9 + ir, ip'^ = ip + ie, ip'^ = ip + is are complex conjugate Euler angles. 

Matrix elements t^nlfl) — ^Ln(v''^' ^'^^ ^'^) irreducible representations of the group 
SL(2,C) are eigenfunctions of the operators (jHI), 



[X2 + Z(Z + l)]9JlL(^^^^^'=) = 0, 
Y2 + Z(Z + 1)1 = 0, 



(9) 
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where 



(10) 



Here 3Jt^„(0) are general matrix elements of the representations of SOo(l, 3), and Z^„(cos 9'^) 
are hyper spherical functions. Substituting the functions (|Tn|l into and taking into account 
the operators (jH)) and substitutions z = cos 6'^, z = cosO'^, we arrive at the following differ- 
ential equations: 



:i-z' 



'dz'^ 

d|2 



-2z 



d + — 2mnz 

dz \ — z'^ 



d vn? + ri^ — 2rnnz 



-2;z— - 
dz 



+ /(/ + !) 



+ /(/■ + 1) 



7' {7\ 
mn \ ' 



7 ir^ 



0, 
0. 



(12) 



The latter equations have three singular points —1, +1, oo. The equations (fTT|) . (fT^ are 
Fuchsian equations. Indeed, denoting w{z) = Z'^^{z), we write the equation (fTT|) in the form 



d'^w(z) , ,dw{z) / X / N 

-p{z)—^ + q{z)w{z)=Q, 



dz^ 



dz 



where 



p{z) 



2z 



q{z) 



l{l + 1)(1 — z"^) — — + 2mnz 



(1-Z)(1 + ^)' ^ (1-^)2(1 + ^)2 

Let us find solutions of (fTT|) . Applying the substitution 

1 — ^ / \ \m-n\ \m.+n\ 

t=——, w{z) =t^^{l-t)^^v{t), 



(13) 



we arrive at hypergeometric equation 

d^v 



dv 

t{l - t)— + [c - (a + 6 + l)t]— - ahv(t) = 0, 
dt^ dt 



where 



(14) 



a = I + 1 + -{\m — n\ + \m + n\), 
b = —l + -{\m — n\-\-\m + n\), 



c = \m — n\ + 1 
Therefore, a solution of (fT^ is 

a, b 



v{t) = 



t + C2t^-^2i^l 



6 — c+l,a — c+1 
2-c 
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Coming back to initial variable, we obtain 



I m+n 



X 2^1 



2 / V 2 

/ + l + i(|m — n| + \m + n\) , —I + ^{\m — n\ + \m + n\ 

\m — n\ + 1 

m-\-n\ 



1 - z 



+ C2 



1 - z 



1 + z 



X 2Fi\ 



2 J V 2 

-/ + |(|m + n| — |m — n|),/ + l + i(|m + ?2| — \m — n\) 



1 — |m — n| 

Carrying out the analogous calculations for the equation ()12|). we find that 



1 - z 



\rn, — ri\ \m-\-ri\ 



X 2FA 



X 2F1I 



2 / \ 2 

/ + l + |(|m — n| + \m + h\) , —I + ^{\m — h\ + \rh + h\) 

|m — n| + 1 

I m — n I I Til + ri I 

-/ + |(|m + ri| — |m — n|),/ + l + |(|m + n| — |m — 

1 — |m — n| 



1-i 



1-z 



(15) 



(16) 



As follows from (fT^ and (fT^. the functions and are expressed via the hypergeo- 
metric function. In virtue of the full development of the theory of hypergeometric functions, 
the representations (fT3j) and (fTBj) are the most useful. Indeed, from (fT3j) it follows that the 
function can be represented by the following particular solution: 



^L(cosr) = C, sinl-"l ^ cosl^+'^l |x 



I + 1 + |(|m — nl + |m + ?2|),— / + |(|m — n| + |m + n|) 



2 ' 

\m — n\ + 1 




[17) 



Let us give now a general definition for spherical functions on the group G. Let T{g) be 
an irreducible representation of the group G in the space L and let if be a subgroup of G. 
The vector ^ in the space L is called an invariant with respect to the subgroup H if for all 
h E H the equality T{h)$, = ^ holds. The representation T{g) is called a representation of 
the class one with respect to the subgroup H if in its space there are non-null vectors which 
are invariant with respect to H. At this point, a contraction of T{g) onto its subgroup H is 
unitary: 

iTih)^„T{h)^2) = i^i,^2)- 

Hence it follows that a function 

fig) = iTig)ii,^) 
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corresponds the each vector rj & L. f{g) are called spherical functions of the representation 
T{g) with respect to H. 

Spherical functions can be considered as functions on homogeneous spaces M. — G/H. 
In its turn, a homogeneous space M. of the group G has the following properties: 

a) It is a topological space on which the group G acts continuously, that is, let y be a point 
in M.^ then gy is defined and is again a point m M. {g E G). 

b) This action is transitive, that is, for any two points 7/1 and y2 in M. it is always possible 
to find a group element g & G such that 1/2 = gyi- 

There is a one-to-one correspondence between the homogeneous spaces of G and the coset 
spaces of G. Let Hq be a maximal subgroup of G which leaves the point yo invariant, hyo = yo, 
h G Hq, then Hq is called the stabilizer of yo- Representing now any group element of G in 
the form g = gji^ where h E Hq and gc G G/ Hq, wc sec that, by virtue of the transitivity 
property, any point y E Ai can be given hy y — gJiyQ = gey- Hence it follows that the 
elements gc of the coset space give a parametrization of A4. The mapping M. <-> G/Hq is 
continuous since the group multiplication is continuous and the action on Ai is continuous 
by definition. The stabilizers H and Hq of two different points y and yQ are conjugate, since 
from HQgQ = gQ, yQ = g~^y, it follows that gHQg'^y = y, that is, H = gHog'^. 

Coming back to the Lorentz group G = S0o(l,3), we see that there are the following 
homogeneous spaces of SOo(l, 3) depending on the stabihzer H. First of all, when H — 
the homogeneous space Ale coincides with a group manifold £5 of SOo(l, 3). Therefore, £5 
is a maximal homogeneous space of the Lorentz group. Further, when H — fl^, where 

/e^ A 

is a group of diagonal matrices ( i^^^ ) , the homogeneous space M.4 coincides with 

y e 2" y 

a two-dimensional complex sphere S2, M.^ = 6*2 ~ SL(2,C)/0^. The sphere S2 can be 
constructed from the quantities Zk = Xk-\- iyk, Zk = Xk — iyk {k = 1, 2, 3) as follows: 

S^: zl + zl + zl^x^ -y^ + 2ixy = r^. (18) 

The complex conjugate (dual) sphere 5*1 is 

4^ : z,' + %^ + = - - 2ixy = r\ (19) 

The following homogeneous space M.^ we obtain when the stabilizer H coincides with a 
maximal compact subgroup K = S0(3) of SOo(l, 3). In this case we have a three-dimensional 
two-sheeted hyperboloid M3 ^ H3 SOo(l, 3)/ S0(3) ~ SL(2, C)/ SU(2), defined by the 
equation 

H^^{xe R^'^l [x,x] = 1}. 

In the case [x, x] = we arrive at a cone C3 which can be considered also as a homogeneous 
space of SOo(l, 3). Usually, only the upper sheets H^ and arc considered in applications. 

Finally, a minimal homogeneous space Ai2 of S0o(l,3) is a two-dimensional real sphere 
^2 ~ S0(3)/ S0(2). In contrast to the previous homogeneous spaces, the sphere 5*2 coincides 
with a quotient space S0o(l,3)/P, where P is a minimal parabolic subgroup of S0o(l,3). 
From the Iwasawa decompositions SOo(l, 3) = KNA and P = MNA, where M = S0(2), N 
and A are nilpotent and commutative subgroups of SOo(l, 3), it follows that SOo(l, 3)/P — 
KNA/MNA ~ K/M ~ S0(3)/ S0(2). 

Taking into account the list of homogeneous spaces of S0o(l,3), we introduce now the 
following types of spherical functions /(g) on the Lorentz group: 
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• /(fl) = ^mnid)- This function is defined on the group manifold £,q of S0o(l,3). It 
is the most general spherical function on the group S0o(l,3). In this case /(g) de- 
pends on all the six parameters of SOo(l, 3) and for that reason it should be called as 
a function on the Lorentz group. An explicit form of (respectively 93T'^^(g)) 

for finite-dimensional representations and of DJlmn^^^iQ) (resp. 071^? ^^{q)) ^^t infinite- 
dimensional representations of S0o(l,3) will be given in the sections 3 and 4, respec- 
tively. 

• f{ip^,6^) = DJl]^ {ip'^ , 9^ , 0) . This function is defined on the homogeneous space A^4 = 
5*2 ~ S0o(l,3)/n^, that is, on the surface of the two-dimensional complex sphere 
The function 971™ (v?'^, 6''^, 0) is a relativistic analogue of the usual spherical function 
Yl^{ip,6) defined on the surface of the real two-sphere 82- In its turn, the function 
f{ip'^,9'^) = DJVp {ip'^ , O'^ , 0) is defined on the surface of the dual sphere S2. General 
solutions of relativistic wave equations have been found via an expansion in spherical 
functions f{ip^, 6") 30 . An explicit form of the functions ^{^^, 0) (971^(0", B^, 0)) 
and nn^i^. (y?^ 9^, 0) (0^ 0", 0)) will be given in the section 3 and 4. 

• f{e,T,e) = e~*'"''*p^„(cosh r)e~*"^. This function is defined on the homogeneous space 
A^3 = ~ SOo(l, 3)/ S0(3), that is, on the upper sheet of the hyperboloid x1 — x\ — 
x\ — x\ = 1. In essence, we come here to representations of SOo(l, 3) restricted to the 

subgroup su(i,i) nnun!. 

• f{ip,6,ip) = e~*™''^P^„(cos^)e~*"'^. This function is defined on the homogeneous space 
M.2 = 5*2 ~ S0(3)/ S0(2), that is, on the surface of the two-dimensional real sphere 
82- We come here to the most degenerate representations of SOo(l, 3) restricted to the 
subgroup SU(2). 

We see that only first two functions /(g) and f{(f'^,6'^) can be considered as functions on 
the Lorentz group S0o(l,3); other two functions f{e,T,e) and f{ip,9,ip) present degenerate 
cases corresponding to the subgroups SU(1, 1) and SU(2). For that reason the functions /(g) 
and f{(p'^,6'^) should be called relativistic spherical functions on the Lorentz group. 



3 Hyperspherical Functions and Addition Theorem for 
Generalized Spherical Functions 

In this section we will find expressions for the matrix elements (relativistic spherical func- 
tions) containing explicitly all six parameters of the Lorentz group. Moreover, such a form 
of the matrix elements to be the most suitable for forthcoming tasks of harmonic analysis 
on the Lorentz and Poincare groups. 

As is known, the groups SU(2) and SU(1, 1) ~ SL(2, M) are real forms of SL(2, C). As a 
direct consequence of this, a structure of the matrix elements of these groups is very similar 
with a corresponding structure of matrix elements for the group SL(2,C). Indeed, matrix 
elements of irreducible representations of SU(2) have the form EH] 

4nM=e-^™^Pl(cos^)e-^ 
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where 



T(/ - m + l)r(/ - n + 1) 
r{l + m + l)r{l + n + l) 



X 



f) 
X 003"^+" - sin"*-" - J2 



■l)*r(/ + m + t + l) 



2j^T{t+ l)r(m -n + t + 1)T{1 - m - t + 1) 



sin^* -. (20) 



Here ip, 6, ip are real Euler parameters for SU(2) (the first column from the relations (jT])). 
At m > n the function P^^{cos6) is expressed via the hypergeometric function as 



pi 



cost 



Analogously, at n > m 



T(Z 



n 



l)r(/ + m + 1) 



r(m - n + 1) y r(/ - m + l)r(/ + n + l) 



X 



X cos 



m+n 



e 



9 



■ sm 



iFi\ 



I + m + l,m — I 
m — n + 1 



sm 



(21) 



P^„(cos( 



T(/-m + l)r(/ + n + l) 



T{n-m + l)y T{1 



n 



X cos 



m+n 



mi 

e . 



m + 1 

^ e 



X 



sm 



I + n + l^n — I 
n — m + 1 



sm 



(22) 



It is easy to see that the functions (PT|) and with an accuracy of the constant coincide 
with the function (fT^ (correspondingly (HZj)) if to open the modules and suppose z = cos 9. 
Other expression for the function P^„(cos6'), related with ^K^ . is defined by the trans- 

1 0' 



formation u = kz, where k 
form 



a 



and z 



-/3/a 1 



. This expression has the 



Vr(/ - m + l)r(/ + m + l)r(/ -n + 1)T{1 + n + 1) 



X 



cos^' - tan" 



e 



■X 



min(/~m,i+n) 



i^J tan^J 



r(j + i)r(/ - m - j + i)r(/ + n - j + l)r(m - n + j + l) 



• (23) 



J =max(0, n—m) 

Correspondingly, the functions are expressed via the hypergeometric function as follows: 



^L(cos( 



T(/ + m + l)r(/-n + l) 
r(/-m + l)r(/ + n + l) 



X cos^' - tan"-" -2F1 1 
2 2 ' 







X 

m — I, —n — I 
m — n + 1 



tan - 



m>n; (24) 
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KJcost 



T(/ + n + l)r(/-m + l) 

r(/ - 72 + i)r(/ + m + 1) 



X cos'' - tan"-" -2F1 [ 

2 2 \ n-m+ 1 



e 



n — L —m — / 



tan - 
2 



n > m. (25) 



In turn, matrix elements of irreducible representations of the group SU(1, 1) have the 
form ini ES! 

C(^?) = e-^'"^q3L(coshr)e-'-, 
where in the case of finite-dimensional representations 



^L(coshr) 



T(/ - m + l)r(/ - n + 1) 
r(/ + m + l)r(/ + n + l) 



X 



X 



cosh'"+'^ - sinh™+" - V 

9 9 ^ 



2j^^T{s + l)T{m-n + s + l)T{l-m-s + l) 2' ^ ^ 



or 



<P^„(coshr) = Vr(/ - m + l)r(/ + m + l)r(/ - n + l)r(/ + n + 1) 



X 



cosh'' — tanh*^ 



r 



min(Z— m,(+n) 
s=max(0,n— m) 



tanh 



2s 



r(s + i)r(/ - m - s + i)r(/ + n- s + l)r(m - n + s + 1) ' 



(27) 



Here e, r, e are real Euler parameters for the group SU(1, 1) (the second column from (P) at 
the restriction of the parameters e and e within the limits < e < 27r and — 27r < e < 27r). 
The functions ^^„(coshr) can be reduced also to hypergeometric functions. So, at m > n 
we have 



^L(coshr) 



T(/-n + l)r(/ + m + l) 
r(m - + 1) Y r(/ - m + l)r(/ + n + 1) 



X 



X cosh + - smh -2F1 

2 2 I m-n+1 



— sinh' — 



'r(/ + m + i)r(/-n + i) 

T{l-m + l)T{l + n + l) 
Correspondingly, at n > m 



r 
2 



cosh'' - tanh™-" -2F1 1 



m — I, —n — I 
m — n + 1 



T 



tanh' - I . (28) 



^^L(coshr) 



T(/ - m + l)r(/ + n + 1) 



X 



T{n-m+l)\ T{1 -n + 1)T{1 + m + 1) 

X cosh + - smh -2F1 

2 2 \ n — m+1 



sinh — 



T{l + n + l)T{l-m + l) 
T{l-m + l)T{l + m + l) 



cosh" - tanh"-*" -2F1 1 



r 



r 
2' 



n — I, —m — I 
n — m + 1 



T 



tanh — 



(29) 
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In the case of principal series of unitary representations, matrix elements are (see, for exam- 
ple, EBEl) 



mn 



(cosh r) 



r{ip -n+ l)T{ip + n + ^)T{ip - m + l)T{ip + m + ^)x 



cost 



^tanh"-'"-x 
2 2 



E 



tanh 



2s 



s=max(0,m— n) 



r(s + l)r(ip — n — s + |)r(r2 — m + s + l)r{ip + m — s + 



(30) 



or 



mn 



(cosh r) 



'r(zp + m + 5)r(ip - n + 



T{ip - m+ h)T{ip + n+ ^ 



■X 



cos 



h2^''-i-tanh'"-"-< 



m - + |, -n - + I 
m — n + 1 



tanh 



r 



(31) 



at m > n and 
^mn^*^(cosh r) 



T(ip + n + |)r(ip - m + i~ 



r(zp - n + 5)r(zp + m + i 



■X 



cosh2*^-i^tanh"-"-2Fi| 



77, — zp + i, — m — ip + i 
n — m + 1 



T 



tanh — 



(32) 



at n > m. 

As is known |2I|, generalized spherical functions P^^(cos0) satisfy the following addition 
theorem: 



k=-l 



where the angles if, ip, 9, 6i, (p2, ^2 are related by the formulae 

COS0 = cos^i cos^^2 — sin^i sin^2 cos(/92, 

• sin 61 cos 02 + cos 9i sin 62 cos (p2 + i sin 6*2 sin ip2 



e 2 



cos Y cos ye 2 



sin ^ 

sm Y sm ye 2 



cos 



(33) 

(34) 
(35) 

(36) 



Let cos(6' — ir) and ip2 = 0, then the formulae take the form 

cos^^ 



cos 6 cosh T + i sin 6 sinh r, 
sin 6 cosh r — i cos 6 sinh r 



e 2 



sin 6''^ 

cos I cosh I + z sin I sinh | 



1, 



1. 



cos ■ 



Hence it follows that ip = ip = and formula can be written as 

I 

ZL(cos^^) = J2 Pmfc(cos^)^L(coshr). 



k=-l 
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Therefore, using the addition theorem, we derived a new representation for the hyperspherical 
function. Further, taking into account (PHj) and (jUj), we obtain an exphcit expression for 
^L(cosr), 



Z^„(cosr) = J2 z"^- Vr(/ -m + 1)T{1 + m + 1)T{1 -k + 1)T{1 + k + 1) 



X 



cos^'-tan— ^'-x 
2 2 

Q 

ram{l-m,l+k) ^^^2j _ 

. 5, r(j + i)r(/ - m - J + i)r(z + k-j + i)r(m -k + j + i)"" 



v/r(/ - n + l)r(/ + n + l)r(/ - A; + l)r(/ + A; + 1) cosh^' ^ tanh'"-'= ^ x 

mm(/-n,«+A:) tauh^'^ — 

2 /3';7N 

r(s + l)r(/-n-s + l)r(/ + A;-s + l)r(n-A; + s + l)' ^ ^ 

By way of example let us calculate matrix elements = e~*'^'''''Z^„(cos ^'^)e~*"'^'' at 

/ = 0, 1/2, 1, where Z^„(cos^'^) is defined via pTjl . The matrices of finite-dimensional 
representations at Z = 0, |, 1 have the following form: 

To(y.^r,V'^) = l, (38) 



1 - ■ 1 



"22 22/ V 22 22 



6 2"^ cosYe2''^ le^^ sm ye 2' 



2^ smYe2'^ e 2^ cos ye 2' 



[cos I cosh I + i sin I sinh |] e 2'^^''''' [cos | sinh | + i sin | cosh |] e ^ 2'^ '''^ 
[cos 2 sinh | + i sin 2 cosh |J e 2 |^cos 2 cosh | + i sin 2 sinh |J e 



(39) 



-1 



1-1 



e^^^cos^fe^'^^ 
sin ^^e^'^' 



sin 



s/2 



— P' 

3^ 



-x-x ^-10 ^ ^-11^^ 

^^^^ sin^fe-^'^^X 



cos 

^-e-^"^' sin^ f e*'^' 756"*^' sin 



-j= sin 6''^e 



e 



—itj}'^ 
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/ [cos^fcosh^i 

■y= (cos 9 sinh r+i sin 



iBinfl^sinhT _gjj^2 I gi^ij2 T j |^ ^ (cos 6* sinh T+i sin 6* cosh T)j 

' cosh r) j e^"'""'' cos 9 cosh r+i sin 6 sinh r 

^ fcosh^ zjeE-'!+»(V'-v) 1^ -i= (cos 61 sinh r+i sine cosh T)]e- 

[cos2 f sinh2 r + ililLe|ilihi_sin2 I cosh2 f ]e^-= 
1^ (cos S sinh T+i sinScoshT)j e~^~"'' 



1^ (cos 9 sinh r+i sin 9 cosh T)j 
cos 9 cosh r+i sin 6 sinh r 

— € — iip 



v/2 

.2 I sinh2 r + iMi^i2hi_sin2 | cosh" 

[cos^fsinh^r + i^ 

1^ (cos S sinh r+i sinScoshr)j e~^~"'' 

--sin^ I sinh^ e-^-'=-'('^+'/') y 



Z.jge-e + i{¥>-i/i) ^ 



Let us express now Z^„(cos6'^) via 
]) and (EHl) it follows that 



[cOs2 f COsh2 r_^ 'Bine^sinhr _g;^2 | gjjji^2 r j^. 

the hypergeometric functions. So, at m > n 



(40) 
from 



'r(| + m+l)r(i-„ + l) g r 

r(/-m + l)r(/ + n + l) 2 2 



tan" 
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X 2^1 I 



k=-l 

m — I, —k — I 
m — k + 1 



tan^? 1 2^1 1 



k — I, —n — I 
k — n + 1 



T 



tanh^ - I . (41) 



Analogously, at n > m from the formulae and (j^^ we have 

rcosn = 



cos^' - cosh^' - X 



e 



T(/-m + l)r(/ + n + 1) 
T{l + m + l)T{l - n + 1) "~ 2 

I 
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X 2FA 



k=-l 

k — 1, —m — I 



9 



T 



i'=-"^tan'^-™-tanh"''=-x 
2 2 



k — m + 1 



n — I, —k — I 
n — k + 1 



tanh' 



r 



(42) 



Other representation for Z^„(cos^'^) in the form of hypergeometric function we obtain from 
the formulae ^ &nd Namely, 



^iJcos^^ 



X 2F1I 



T(/ + m + l)r(/-n + l 



T{l-m + l)T{l + n 



1) ^ 



■m—k 



V{m - k + l)V{k - n + I) 



X 



X cos'"+'= - sin'"-'^ - sinh'^-" ^ cosh'=+" ^ x 



/ + m + 1, m — / 
m — /c + 1 



9 



sm'- hi^il 



2 2 
k + 1 + l,k - I 
k — n + 1 



— sinh 



2 ' 



m > n: 



ZLJcos9') 



T(/-m + l)r(/ + n + 1) 



1) 



■k—m 



T{l + m + 1)T{1 - n + 1) r(A; - m + l)r(r2 - A; + 1) 
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X cos"" ' - sm'" - smb."' ^ - cosh''+" - x 



2 ' 2 



X 2i^l 



/ + fc + l,A;-/ 
/c — m + 1 



sin' - hi^il 



r 

2 2 

n + I + l,n — I 
n — k + 1 



T 



sinh — , n> m. 
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Analogous expressions take place for the functions Z^^(cos^'^). 

Relativistic spherical functions of the second type f{(p^, 6^) = Tl]^{ip'^, 9^, 0) = e~*™'^''Z™(cos6'^), 
where 

Zr(cosr) = Pifc(cos^^)^f(coshr), 

k=-l 

are defined on the surface of complex two-sphere ()18|) . In its turn, the functions 6'^) = 
Q-^i^v" [cos 6'^) are defined on the surface of dual sphere (fTI?|) . Explicit expressions and 

hypergeometric type formulae for /(v?^, 0'^) and /(v?^, 0'^) follow directly from the previous 
expressions for /(g) at n = 0. 



4 Relativistic spherical functions of unitary represen- 
tations of S0o(l,3) 

Relativistic spherical functions ^M''^^{(p'^ , 9'^ , ip'^) , considered in the previous sections, define 
matrix elements of non-unitary finite-dimensional representations of the group S0o(l,3). 
As is known ^3], finite-dimensional (spinor) representations of S0o(l,3) in the space of 
symmetric polynomials Sym^^ ^.^ have the following form: 

r„(e,Q = (7« + s)-"--'UTTr'% . (43) 

where k = Iq + li — 1, r = Iq — li + 1, and the pair [Iq, li) defines some representation of 
S0o(l,3) in the Gel'fand-Naimark basis: 

H+ikv = ^/ik + u + l){k - u)^k,,.+i, 
H-ikp = ^/{k + u){k ~ u + l)^k,u-i, 
Fzikp = CiVk^ - i''^ik-i,u - Aiu^k,u - 

-Ck+iV{k + iy-^'^k+i,u, 

F+^kv = Ck\/ (k - v){k -V - l)^fe-i,,.+i - 

-Ak\/{k-v){k^v^\)ik,,^r + 

v/(A; + z/ + 1)(A; + z/ + 2)^^+1,^+1, 
F_ikv = -CkVik + i^)ik + u- l)^fc_i,._i - 

-Ak^/{k + u){k - u + l)^k,^^i - 

-Ck+i^/{k -u + l){k-u + 2)^k+i,u-i, 



^' = k{kTTy ^' = -k\] — W^i — ' 

u = —k, —k + 1, . . . , k — 1, k, 
k = Iq ,lo + ^, ■ ■ ■ 1 

where Iq is positive integer or half-integer number, li is an arbitrary complex number. These 
formulae define a finite-dimensional representation of the group S0o(l,3) when If = [Iq + 
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X3 


= 





pY, p is some natural number. In the case If 7^ (/q + p)^ we have an infinite-dimensional 
representation of SOo(l, 3). The operators H^, H_, F3, F+, F_ are 

= iAi - A2, H = iki + A2, Hi = iAs, 
F+ = ^B^ - B2, F_ = iB, + B2, F3 = ^63. 

This basis was first given by Gel'fand in 1944 (see also [Hniinnil^)- The following relations 
between generators Y-t, X-t, Y3, X3 and H±, F±, H3, F3 define a relationship between the 
Van der Waerden and Gel'fand-Naimark bases: 

Y+ = —(F^+tH^), 

Y3 = -^(F. + tHs), 

The relation between the numbers /q, h and the number / (the weight of representation in 
the basis is given by a following formula: 

(/o,/i) = (/,/ + l), 

whence it immediately follows that 

/ = (45) 

As is known if an irreducible representation of the proper Lorentz group S0o(l,3) is 
defined by the pair (/q, h), then a conjugated representation is also irreducible and is defined 
by a pair ±(/o, — ^i)- Therefore, 

(/o,/i) = (-/',/' +1). 

Hence it follows that 

i='-^^^^^ (46) 

For the unitary representations, that is, in the case of principal series representations of 
the group S0o(l,3), there exists an analogue of the formula (jlBI), 

Vaf{z) = (ai2Z + 022) 2+*^ + 022) " ' f{ , , (47) 

where f{z) is a measurable function of the Hilbert space L2{Z), satisfying the condition 
/ \f{z)\'^dz < 00, z = X + iy. A totality of all representations a —>■ T", corresponding to all 
possible pairs A, p, is called a principal series of representations of the group S0o(l,3) and 
denoted as ©A,p- At this point, a comparison of ()47p with the formula (pSj) for the spinor 
representation &i shows that the both formulas have the same structure; only the exponents 
at the factors {ai2Z + 022), (0-12-2 + 0.22) and the functions f{z) are different. In the case of 
spinor representations the functions f{z) are polynomials p{z, z) in the spaces Sym^;. ,.-), and 
in the case of a representation of the principal series f{z) are functions from the Hilbert 
space L2{Z). 

We know that a representation Si of the group SU(2) is realized in terms of the functions 
^mni.'^) = e~*""^P^„(cos6')e~*"'^. We use below the following 
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Theorem 1 (Naimark ^S])- The representation o/SU(2) is contained in &\^p not more 
then one time. At this point, Sk is contained in &x^p, when | is one from the numbers 



Let us find a relation between the parameters Iq, li in the formulae (jl^ and the param- 
eters A, p of the representation ©A,p- The number Iq is the lowest from the weights k of 
representations Sk contained in &x,p- Hence it follows that /c > ||| and Iq = |||. Let us 
consider the operators 

A = F+F_ + F_F+ + 2F| - {H+H_ + H_H+ + 2H^) = - B^, (48) 



A' = H^F^ + + F+H_ + F_H^ + AH3F3 = AB. 



Applying the formulae ()44|) . we obtain 



-2{ll + ll-l)iku, 



(49) 

(50) 
(51) 



On the other hand, calculating infinitesimal operators of the representation &x,p in the space 
L2{Z), we have 



dz 2 



— \- 1 1 ] z 

2 2 ' 



\- 1 1 ] z 

2 2 ' 



/, (52) 



A2/ 



[l + z' 



9f , , -2^^f 



dz 2 



dz 



2+^2 



l]z + 



. r ■ df ._df i 



h i- 

2 2 



I z 



f, (53) 



(54) 



BJ =hl- z^)'J + 1(1- z^)'jL+' 



dz 2 



dz 



A^.P 

h ^- 

2 2 



1 U 



A 
2 



lU 



/, (55) 



B2/ 



'l + z' 



'^^(1 + ^^)1^ 



2 



9^; 



— h « 1 \ z 

2 2 ' 



D . df df / .p\ 



\- 1 1 ] z 

2 2 



Substituting the latter expressions into (j4H|) and 

A/(^; 



we find that 



2^ 



A'fiz) = -Xpfiz). 
The comparison of these formulae with ()50|) and ()5H) shows that 



Xp = AHqIi. 



/, (56) 
(57) 



(58) 
(59) 
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Let /q 7^ 0; since Iq = |||, then from it follows that 

k = -i(signA)^. 
If Zo = and, therefore, A = 0, from we obtain 

Thus, the numbers Iq, li A, p are related by the formulas 

/o = ^ , /i = -i(signA)| if A 7^ 0, 

/g = 0, /i = if A = 0. 

On the other hand, we see from (|7j) that Laplace-Beltrami operators = — /(/ + 1) and 
= — /(/ + 1) contain Casimir operators A = — and A' = A ■ B as real and imaginary 
parts: 

= Ia + IzA' = -/(/ + !), 

= ^A-l.A' = -/(/ + l). 

Taking into account in the latter operators the formulae ()50p and ()51|) . we arrive at relations 
()45p and PUI) . The relations ()45|) and ()46|) define a relation between parameters /q? ^1 of the 
Gel'fand-Naimark basis ()44|) and parameters /, / of the Van der Waerden basis (jUj). 

As is known, all the unitary representations of the group SOo(l, 3) are infinite-dimensional. 
The group SOo(l, 3) is non-compact and one from its real forms, the group SU(1, 1), is also 
non-compact group involving unitary infinite-dimensional representations. In the previous 
section it has been shown that the matrix elements of SOo(l, 3) are defined via the addition 
theorem for the matrix elements of the subgroups SU(2) and SU(1,1). This factorization 
allows us to separate explicitly in the matrix element all the parameters changing in infinite 
limits. 

In such a way, using Theorem 1, formulae ()3Up . ()37p and ()45|) . we find that matrix 
elements of the principal series representations of the group S0o(l,3) have the form 

^™-5+jp,io/ \ rn{e+i^p)—n{e+iip) y~\~^^P^^O -m(e+i(p)-n(e+iV) ^ 

h 

2"^^Vr(^o - m + i)r(/o + m + i)r(/o - 1 + i)r(/o + 1 + 1) x 

t=-lo 

cos2'°-tan"-*-x 
2 2 

Q 

rm'si(k)-m,k)+t) j^j ^pj^Sj _ 

E 



r(j + i)r(/o - m - J + i)r(/o + t-j + i)r(m -t + j + i) 

j=max(0,t— m) 



X 



Jr(i +zp- n)r(i + tp + n)r(i + ip- t)r(i + ip + t) cosh-^+^ip ^ tanh"-* Jx 



tanh^* 



^ r(s + i)r(i + ip-n-s)r(i + zp + t-s)r(n-t + s + i)' 
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where /q = |f| and | is one from the numbers —k,—k + 1, . . . , k. It is obvious that 

O^lmn'''*'''''' (s) cannot be attributed as matrix elements to single irreducible representation. 
From the latter expression it follows that relativistic spherical functions f{g) of the principal 
series can be defined by means of the function 

m'J^''''°{Q) = e'"'^'+'^^Z~t''''°{cose')e-''^'+'^\ (61) 

where 

Z-|+^'''^COS^^^) = f2 P^ticOSe)%y''icOshT). 

t=-lo 

In the case of relativistic spherical functions /(v?^, 0'^) we have 

^:"i+.,,Jcose'=) = J2 P^t{cose)^\^^^{coshT), (62) 

t=-lo 

where ^*_i^^^(cosh r) are conical functions (see |SIj). In this case our result agrees with 

the paper jHEj, where matrix elements (eigenfunctions of Casimir operators) of non-compact 
rotation groups are expressed in terms of conical and spherical functions (see also [21] )• 
When p is a cleanly imaginary number, p = ia, we have 

Ty{z) = \a,,z + a,,r~'^f (^11^±^ 

\ai2Z + 022 

This formula defines an unitary representation a T° of supplementary series Dcr of the 
group S0o(l,3). In its turn, for the supplementary series So- the following theorem holds. 

Theorem 2 (Naimark ^Hj)- The representation Sk o/SU(2) is contained in &\p when k is 
an integer number. In this case, Sk is contained in exactly one time. 

We see that | = should be one from the numbers —k, —k + 1, . . . ,k, therefore, when k 
is integer. 

Let us find a relation between the parameters Iq, li in (ji^ and the parameter a of D„. 
First, the lowest wight Iq from the weights k of the representations Sk, contained in D^, is 
equal to zero, that is, Iq = 0. With the aim to define the parameter /i let us consider again 
the Casimir operator A = — B^. Calculating this operator with the help of formulae ()44|) 
and (IS2l)-(jSH), where | + if - 1 and -| + if - 1 should be replaced by -f - 1 and -f - 1, 
we obtain 

A^ku = -ml - 1)6., Af{z) = -2 ^^""^ 



1 



Hence it follows that = (|)^ and h = ±| (the choice of the sign is not important). Thus, 
for the supplementary series the relations 

lo = 0, h = ±1 

hold. In the case of T)(j, Laplace-Beltrami operators and are coincide with each other, 
= = — B^. This means that we come here to representations of SOo(l, 3) restricted 
to the subgroup SU(1, 1). 
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Thus, matrix elements of supplementary series appear as a particular case of the matrix 
elements of the principal series at /q = and p = ia: 



r(i - a-n)r(i-(T + n)r(i - a-m)r(i - (T + m) cosh"^"^" ^ tanh"""" 



E 



tanh 



2s 



=max(0,m— n) 



r(s + l)r(i - or - n - s)r(i -a + m- s)T{n - m + s + 1) 



■ (63) 



Or 



Tl^ml "(fl) = e-™(^+'^)q3^I "(coshr)e 



-n{e+iip) 



that is, the hyperspherical function Zmn ^ (cos O'^) in the case of supplementary series 

is reduced to the Jacobi function '^mn "^(coshr). For the relativistic spherical functions 
f{ip'^,6'^) ~ f{(p'^,T) of supplementary series we obtain 

m"^i_^{Q) = e-'"(^+*^)<p™i_^(coshr). 



Let us express now the relativistic spherical function ^Mmn (fl) of the principal series 
representations of SOo(l, 3) via the hypergeometric function. Using the formulae (jHUjl . (jSl), 
and dSH), (1221), we find 



T(/o + m + l)r(ip-n+|) 
r(/o-m + l)r(ip + n+|) 



X 



X 



X 2i"l 



cos^'" - cosh-1+2^^ - y i^-' tan™-* - tanh*"'^ - x 
2 2 ^ 2 2 

t - ip + \, -n - ip + \ 



m — Iq, —t — Iq 



- tan^ ^ 1 2F1 



r 



tanh — , m > n; 



xcos2'°-cosh-i+2^pI 
2 2 



T(/o-m + l)r(ip + n+i; 
r(/o + m + l)r(ip-n+|; 

«0 



■X 



X 2FA 



t — Iq, — m — Iq 
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V z*-'" tan*-™- tanh"-* -X 
^ 2 2 

n — ip + i, — t — zp + i 



t — m + 1 
For the supplementary series we have 



-tan^- I2F1I ' 2 



tanh 



n> m. 



-m{t+iip)—n{£+ir(>) 



lT{m-a + ^)T{-n-a + l) 
T(-m - a + k)T(n - a + ^) 



X cosh-'-^a^^g^j^h^-^^ai^il 



m + cr + i,— n + cr + i 
m — n + 1 



tanh — , m > n: 
2 ' ~ 
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-m(e+i<p) —n{e+i%(>) 



lT(n 



-m 



r(-n - (7 + i)r(m - (7 + 1) 



X 



X cosh 



-l-2o- 



2 2 ' 



n + (7 + i —m + (7 + i 



m + 1 



tanh — 



n > m. 



In like manner we can define conjugated spherical functions /(g) = 97lmri '"' "(fl) ^-nd 
/((^'^, ^'^) = 97l"\_^^^ ((^"^j ^^'^j 0) of the principal series ©A.p, since a conjugated representation 

of SOo(l, 3) is defined by the pair ±(/o, — ^i)- It is obvious that in the case of supplementary 

(0)- 



series D„ we arrive at the same functions SJlj 



2 

mn 
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